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1. Introduction 
A linear space is a pair L = (/;, 9) consisting of a finite set/%. of points and a 
set .5!? of proper subsets ofp called lines such that 
(1) any two distinct points are contained in a unique line, and 
(2) every line has at least two points. 
The degree rp of a point p is the number of lines through p, and dually the degree 
k, of a line L is the number of points of L. We denote the number of points by u 
and the number of lines by b. 
A near-pencil is a linear space having a line of degree v - 1. A non-degenerate 
linear space (NLS) is a linear space which is not a near-pencil. 
A linear space is said to be embedded in a projective plane P, if it consists of 
some of the points and lines of P. 
A well-known theorem of De Bruijn and Erdiis [l] states that b 2 v in every 
NLS, with equality if and only if the space is a finite projective plane. This result 
has been improved by Erdiis et al. [2] as follows. 
For each integer v k 4, let n denote the unique positive integer with 
n2-n+26v<n2+n+l. DefineB(4)=6andforv>5 




n*+n-1 if v=n2-n++. 
Then in every NLS the relation b 3 B(v) holds. Equality can be obtained 
whenever n is the order of a projective plane. Furthermore, if v f8 and 
v#n*-c for all c with OScCn-3 and c2+c(2n-3)&2n2-2n, then every 
NLS with b = B(v) can be embedded into a projective plane of order rz. It has 
also been shown in [2] that there is a unique NLS with 8 points and B(8) = 11 
lines which can not be embedded into the projective plane of order 3. We denote 
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this exceptional structure by E,. It can be obtained from the projective plane P2 
of order 2 by adjoining a point p in such a way that p lies on one of the lines of P2 
and four new lines of degree 2. 
We shall show that El is the only NLS with b = B(v) which can not be 
embedded into a projective plane of order n. 
Theorem A. Let L be a NLS with v points and B(v) lines, and denote by n the 
unique 
positive integer with n2 - n + 2 c v s n2 + n + 1. Then L can be embedded into a 
projective plane of order n, or L is the exceptional space El. 
We are also interested in NLS with b = B(v) + 1. Suppose L is such a space. If 
v z= n2 + 2, then the classification of restricted linear spaces by Totten [5] yields 
that L is Lin’s Cross, the unique linear space with 6 points, 8 lines, one line of 
degree 4 and one line of degree 3. For n2 - n + 3 < v G n2 + 1, the situation is 
more complicated. The following has been proved in [3,4]. If v > n2 - e where 
e := min{fi - 1, n/6}, then L can be embedded. This is also true for v > 
n2 - n/6, whenever n is not the order of a projective plane which contains a 
Baer-subplane. However, if n is the order of a projective plane containing a 
Baer-subplane, then for each value of v with n2 - n + 3 < v < n2 - fi + 1, there 
is a NLS with b = B(v) + 1 which can not be embedded into any projective plane 
of order n. 
In this paper, we shall handle the case v = n2 - n + 2. It will turn out that there 
is exactly one NLS with such a number of points and B(v) + 1 lines which can not 
be embedded into a projective plane of order n. This is the unique linear space 
with 8 points, 12 lines, one line of degree 6 and one line of degree 3. We denote it 
by E2, 
Theorem B. Suppose L is a NLS satisfying n2 - n + 2 G v c b s n2 + n for some 
integer n 2 2. Then L is one of the two linear spaces El or E2, and L can be 
embedded into a projective plane of order n. 
2. A class of linear spaces with n2 - n + 1 points and rz2 + n lines 
In this section, we shall show that every linear space L with n2 - n + 2 G u < 
b = n2 + n can be embedded into a projective plane of order n, if every point has 
degree at least n + 1. The following example shows that this result is best possible 
in general. 
Suppose P is a projective plane of order n = m2 which contains a Baer- 
subplane B. Fix a line L of B. If we remove the line L, the points of B and the 
n + 1 points of L from P, we obtain a linear space L’ with n2 - n points, n2 + n 
lines and constant point degree n + 1. The n + m lines of L’ which are lines of B 
form a parallel class of L’. Thus, if we let them intersect in an infinite point M, 
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then we obtain a linear space L with n2 - n + 1 points, n2 + n lines, n2 - n points 
of degree it + 1 and one point of degree it + m. In view of this point of degree 
n + m, L can not be embedded into a projective plane of order n. 
We start with a lemma on (r, 1)-designs. An (r, l)-design is by definition an 
incidence structure D of points, blocks and incidences such that 
(1) every two distinct points are incident with a unique block, and 
(2) every point is incident with precisely r blocks. 
D is called embedded in the projective plane P, if it consists of some of the points 
and lines of P. 
Lemma 1. Every (n + 1, 1)-design with at least n* - n + 1 points and at most 
n2 + n blocks for some integer n 2 2 can be embedded into a projective plane of 
order n. 
Proof. Lemma 1 has been proved in Lemma 2.3 of [4] under the additional 
condition that every block has at least two points, i.e., if the design is also a linear 
space. However, the proof given there holds for any (n + 1, 1)-design and will 
therefore be omitted here. Note also that Lemma 1 has been proved in [2], if 
there are at least n2 - n + 2 points. 0 
Proposition 2. Let L be a linear space with n2 - n + 1 c v < b = n* + n for some 
integer n 3 2. Suppose every point of L has degree at least n + 1, and L can not be 
embedded into any projective plane of order n. Then II = m2 is a perfect square 
and v = n2 - n + 1. L has a point q of degree n + m, and every other point has 
degree n + 1. The lines through q have degree n + 1 - m, and every other line has 
degree n - 1 or n. 
Proof. For each line N of degree n, we set MN = {N} U {X E 9 1 X fl N = 0}, 
and call such a set a clique. Let s denote the number of cliques. Furthermore, put 
d, = n + 1 - kL for every line L. We shall prove Proposition 2 in several steps. 
Step 1. Every line has degree at most n. 
Since every point has degree at least n + 1, this follows from b < n2 + n + 1. 
Step 2. Every clique contains exactly n lines, and any two distinct cliques are 
disjoint. In particular, every point lying on some line of degree n has degree n + 1. 
Let m denote the number of lines of a clique M,,,. Obviously, 
m = b - c (r,, - 1) <b - n2 = n. 
PEN 
Since every point of L is contained in at least one of the lines of MN, we have also 
mnZv>n2 - n. Thus m = n and every point of N has degree n + 1. 
Let G #N be any line of degree n. Then also every point of G has degree 
n + 1. Consequently, if N fl G = 0, then MN = Mo. If G and N intersect, then 
MN II MG = 0, since G meets each of the n lines of MN. 
218 K. Metsch 
Step 3. Zf n + 1 + f is the degree of some point p, then s(f + 1) s n + 1 + f. 
Each clique contains f + 1 lines passing through p (notice that p is not 
contained in a line of degree n, if f z= 1). Since distinct cliques are disjoint, the 
assertion follows. 
Step 4. Not every point has degree n + 1. 
This follows from Lemma 1, since L can not be embedded into any projective 
plane of order n. 
Step 5. Suppose a line N of degree n is parallel to lines L1 and L2 which intersect 
in a point q. Zf Li has degree n + 1 - d,, j = 1, 2, then n c d,d2. 
Setr,=n+l+fand 
tj= C (rP -n - 1). 
q+PcL, 
Then it is easy to see that there are exactly did, - 1 -f - t, - t2 lines which are 
parallel to L, and L,. Now in MN there are f + 1 lines passing through q and tj 
other lines which meet Lj, j = 1, 2. Thus at least n - 1 -f - t, - t2 of the lines of 
MN miss L1 and Lz. Consequently, dld2an. 
Step 6. (a) Zf q is a point with rq > n + 1, then q has degree n + fi. Every line 
passing through q has degree n + 1 - fi and is contained in a unique clique. In 
particular, n is a perfect square. 
(b) v=n*-n+lands=l+I&. 
(c) Of the lines passing through a point of degree n + 1, fi have degree n, 
n - fi have degree n - 1, and the last one has degree n + 1 - $. 
We prove all parts together. Notice that there is a point q of degree at least 
n + 2 (Step 4). 
Set rq = n + 1 + f, denote by L a line of maximum degree through q, and set 
d = dL. By Step 2, d 2 2. From 
n* - n s v - 1 s rq(n - d) = n* + n - n(d -f) - d(f + l), 
we obtain d C f + 1. Set A4 = {X E 3 1 X fl L = 0}. In view of 




xTM kx = Pz (rp - kL) 2 (v - kL)d > (n - l)*d, 
M contains a line N of degree n (notice that kL < n). Let p’ be a point of N. In 
view of v - 1 3 rp, - (n - 2) + 2, p ’ is contained in a second line G of degree n. 
Let H be any line of MN (other than L) passing through q, and put 
k,=n+l-t. ByStep5,ncdt. 
In view of H EM,,,, Step 2 shows that G and H meet in a point p of degree 
n + 1. If c denotes the number of lines of degree n passing through p, then 
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Thus, c 2 t. Each of the c lines of degree n through p determines a clique. All 
these cliques do not contain H and are therefore different from MN. Hence, 
s 2 c + 1, i.e., there are at least c + 1 cliques. Now, Step 3, dt 2 n, and d 6f + 1 
show that 
Thus, we get equalities for all the above inequalities, i.e., 
(1) v=n2-n+l, c=t=s-1, d=f+landn=dt, 
(2) ‘4 =s(f + l), . i.e., every line passing through q is contained in a clique. 
Since H was an arbitrary line of MN (other than L) through q, each of the f 
lines of M,,, (other than L) through q has degree n + 1 -t. Let MI = MN, 
M2, . . . , Mw, 1 G w GS, denote the cliques which contain a line of degree 
n + 1 - d through q. As for MN, we can show the following. 
(3) Of thef + 1 lines of M,, j = 1, . . . , w, which pass through q one has degree 
n + 1 - d and the others have degree n + 1 - t. 
Since distinct cliques are disjoint and since d 2 2, we conclude that 
c d,aw(d+ft)=w(d+n-i)>w-z. 
qex 
In view of 
c dx = r,n - c (kx - 1) = rqn - (v - 1) = n(d + l), 
qcx qcx 
we obtain w < d2 + d. If e denotes the number of lines of degree n + 1 - d 
through q, then v - 1 G rq (n - 1 - d) + e so that e 2 d2 + d. In particular, e > w. 
Since, by (2), each of the e lines of degree n + 1 - d through q is contained in 
one .of the w cliques Mj, (3) shows d = t, i.e., n = d2. It follows that each of the 
rq=n+1+f=n+d=d2+d=elinespassingthroughqhasdegreen+1-d. 
It remains to prove part (c). Let x be any point of degree n + 1. Because the line 
xq of degree n - 6 is contained in a clique, x is contained in at most s - 1 = fi 
lines of degree n. Since v = n2 - n + 1, it follows easily that the other n - fi 
lines through x have degree n - 1. This proves (c). 
Step 7. There is a unique point of degree n + fi. 
Assume that there are two points q1 and q2 of degree n + fi. 
Since there are cliques, there exists a line N of degree n. Choose a point p of N 
with pql Zpq,. p has degree n + 1 so that each clique contains a unique line 
passing through p. By Step 6(a), the lines pql and pq2 are contained in a clique. 
By Step 6(c), p is also contained in fi lines of degree n, each of which 
determines a clique. Thus, at least fi + 2 of the lines through p are contained in 
a clique. This contradicts Step 6(b). 
Now, Proposition 2 follows from Step 7 and Step 6. 0 
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3. Linear spaces with few lines 
In view of the results in [2] mentioned in the introduction, Theorem A is an 
immediate consequence of the following lemma. 
Lemma 3. Every NLS L with n2 - n + 3 Cv<b=n2+n forsome integer ns2 
can be embedded into a projective plane of order n. 
Proof. If every point has degree at least n + 1, then Lemma 3 follows from 
Proposition 2. We may therefore assume that some point p has degree at most n. 
In view of v > n2 - n + 1, p is contained in a line of degree at least n + 1. 
Therefore, Theorem 1 in [4] shows that the maximum line degree of L is n + 1 
so that Theorem 3.19 in [2] implies that L can be embedded into a projective plane 
of order n. 0 
In the rest of this paper, we shall study linear spaces with v = n2 - n + 2 and 
b = B(v) + 1 = n2 + n. We need the following lemma. 
Lemma 4. Let P be a projective plane of some order n 2 5. Suppose M is a set of 
n - 1 lines of P and X is a set of of points of P such that every line of M contains 
exactly two points of X and any two distinct lines of M intersect in a point of X. 
Then the lines of M are concurrent. 
Proof. Obvious. 0 
Lemma 5. Let L be a NLS with n2-n + 2= v ~b =n2+n and maximal line 
degree n + 1 for some integer n 2 2. Then L has a point of degree n and every 
other point has degree n + 1. 
Proof. Clearly, every point has degree at least n. Let G be a line of degree n + 1. 
In view of b = n2 + n, G contains a point w of degree n. 
Assume that another point w’ has degree n. Obviously, w’ is a point of G. Let 
N,, . . . , N,_, be the lines other than G through w. Since w’ has degree n, every 
line Nj has degree at most n. In view of v = n2 - n + 2, it follows that every line 
Ni has degree n. In the same way we can show that w’ is contained in n - 1 lines 
N;, . . . , NA-, of degree n. 
Assume that some point p $ G has degree at least n + 2. Then p is contained in 
a line X parallel to G. We may assume that X meets Nj, i = 1, 2, in a point pi. 
Since p1 and p2 also have degree at least ko + 1 = n + 2, we conclude that there 
are at least n2 + n + 1 lines meeting N, or N,, a contradiction. 
Consequently, every point outside G has degree n + 1, so that G meets every 
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other line. Therefore, b = n* + 12 yields 
,Fc (rP - n) = b - 1 - k&z - 1) = n. 
I 
(1) 
Set S={w}U{p Ip is a point outside of G} and, for j = 1, . . . , II - 1, 
Mj={~j}U{XlX’ IS a line missing Nj}- Obviously, every set Mj has n + 1 lines, 
and any two distinct such sets have a unique line in common. Furthermore, every 
point of S is contained in a unique line of each set Mj. 
Letp,, . . . , pn-l be n - 1 new symbols. We define an incidence structure L' in 
the following way. The points of L' are the elements of S U {pl, . . . , P_~}, and 
the lines of L' are the lines of L other than G. A point of S is incident with a line 
of L', if it is in L. Each point pj is incident with the lines of Mj. 
In view of the above properties, L' is a linear space with n* - IZ + 1 points and 
n* + n - 1 lines. Furthermore, every point other than w of L’ has degree IZ + 1. 
Assume that n 2 5. Then a theorem of Totten [6] shows that L' is the 
complement of two lines (without the intersection point) in a projective plane P 
of order n. Since the N,‘, j = 1, . . . , n - 1, are mutually parallel lines of degree 
n - 1 in L', Lemma 4 shows that they intersect in P in a point x. Since L' has 
more than (n - l)* points, there is another line X of L' passing in P through the 
point x. In L', X is parallel to each line N,‘. By the construction of L', X is also a 
line of L, and X is also in L parallel to all lines Nj’, i.e., X is parallel to all but 
one of the lines passing through the point w’, a contradiction. 




for all jc (1,. . . , n - l}. Since w has degree n, every line other than Nj of Mj has 
degree at most )2 - 1. In view of n 5 4, this implies that every line of Mj other 
than Nj has degree n - 2 or n - 1. Therefore, (2) yields that Mj contains two lines 
of degree n - 1 and n - 2 lines of degree n - 2. In particular, n - 2 2 2, i.e., 
n = 4. 
Since each line of degree 3 is contained in a unique set Mj, there are exactly 
2(n - 1) = 6 lines of degree 3. Similarly, there are i(n - l)(n - 2) = 3 lines of 
degree 2. Since b = 20, L has therefore ten lines of degree 4. 
Let D be the (5,1)-design induced by the lines other than G on the nine points 
outside of G. D has the two parallel classes n = {N,, N2, N,} and 17’ = 
{N;, N& N;}. They contain six of the ten blocks of size 3 of D. It is easy to see 
that among the other four blocks of size 3 there are three which also form a 
parallel class II”. It follows that D is uniquely determined and we see that the 
unique block L of size 3 which is not contained in II U If’ U II” is not contained 
in any parallel class of D (the six blocks parallel to L have size two and form two 
triangles). However, if p is the intersection point of L and G (in L), then the lines 
other than G which contain p form a parallel class of D with L, a contradiction. 
222 K. Metsch 
This final contradiction shows that every point other than w has degree at least 
n + 1. In view of kc = n + 1 and b = n2 + n, it follows that every point other than 
whasdegreen+l. 0 
Theorem 6. Let L be a NLS with u = n2 - n + 2 points and B(v) + 1 = n2 + n 
lines for some integer n > 2. Then L is the exceptional linear space E2 or L can be 
embedded into a projective plane of order n. 
Proof. If every point has degree at least n + 1, then Proposition 2 shows that L 
can be embedded. We may therefore assume that some point p has degree at 
most n. 
Consider first the case where some line L of L has degree at least n + 2. Then 
Theorem 1 in [4] yields v = 8. In particular, the number of lines is 12 and L has at 
least 5 points. Since the point p of degree n = 2 must lie on L, it follows easily 
that L has degree 6 and that L = E2. 
Now consider the case that every line has degree at most n + 1. In view of 
v - 1 > rp(n - l), p is contained in a line of degree n + 1. Therefore, Lemma 5 
shows that every point other than p has degree n + 1. Thus, we obtain an 
(n + 1, l)-design D from L, if we remove the point p. By Lemma 1, D can be 
embedded into a projective plane P of order n. Since p is contained in a line of 
degree n + 1 of L, it is easy to see that the lines of L containing p, considered as 
blocks of D, are concurrent in P. Consequently, also L can be embedded into the 
projective plane P. 0 
Proof of Theorem B. Theorem B is a consequence of the results in [2] mentioned 
in the introduction, Theorem A and Theorem 6. 0 
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